THE WATER-WAVE PROBLEM

® Domain {—1 < y <n(x,zt)}, velocity potential ¢.
#® Find a solution of the water-wave equations with
n=n(x—ct,z)—0, |(x = ct, z)| — o.

Minimise the energy

H(n.§) = L{z {%EG(n)E + %nz + P+ n2+ 12— P}

subject to fixed momentum

I(n,¢) = LGxf = 24, oO<p<KH1,

where & = ¢|,=, and

Agp =0,
G(n)¢ = '\//I +nZ+n2 CPn|y=qs CPly:n = ¢,
¢y|y=-4 =0

® H and | are conserved quantities

® Yields conditional, energetic, orbital stability of
the set of minimisers.



MOTIVATION
The KP-1 equation

3
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IS @ model equation for long waves with p > 1/3
and

1(x2) = 1o ( Hx uzz) +04P)

2(p—1/3)12"

# () has the explicit fully-localised solitary-wave
solution

3 — x2 + z2
(3 + x2 + z2)2

u(x,z) = =6



REFORMULATION
Minimise
H(n, &) = an {%EG(n)E + %nz + P/ + 2+ 12— P}
subject to fixed

I(n.¢) = sznx§= 2u, O<pkA1
# Fix n and minimise H(n, &) over I(n, &) = 2p.
There is a unique minimiser &, with

G (’7)&1 = AnNx

® Minimise
J(n) = H(n.&n) ,

= K(n) + £

L(n)

where

K(n) = J {%nz + Ba/1 + 12 + 2 —P},
R2

=5 nown

We show that

# J(n) has a minimiser

# Any minimising sequence converges (up to
subsequences and translations)



MATHEMATICAL FRAMEWORK

Minimise 2

J(n) =K(n) + —= L( y

where

K(n) = JR {1n2 + B/ 1+ 12 + 12 —P},

L(n) = JRZ nk(nn
)

>O
forn #0

and

K(né = -2 x(G(ﬂ)—,l Ex)

# Function spaces: H*(IR?) is the space of u(x, z)
with finite norm

o = | (4-+ KPP

® Theorem

Fix s > 1. The linear operator
K(n) : H**(R?) — H*(R?)
is an analytic function of n € H**+%/2(RR?).

We seek a minimiser of J(n) in H°(R)?.



MINIMISATION PROCEDURE

Minimise 5

I
J(n) =K(n) + = )

® Jis analytic on {O < ||n||s+z/2 < R} for s > 1
® Quasilinear structure

We reqgularise and penalise the functional:
12

Jll) = Kin) + 75 + el +glnle), 1 <o <3

regularise penalise

® J. has a semilinear structure

#® Minimisers do not occur on the boundary:
e p is smooth and increasing
ep(t)=0for0<t <R
ep(t) »mwastTR




MINIMISATION PROCEDURE

® Pretend that R? is bounded!

2

Jelt) = KAm) + 7105 + 8II!1II5 +p(lnliz), O <linlls <R
L( )y )

Deﬁned Deﬁned
on He+3/2 on H®

# J; has a minimiser ng # O:

e There exists a minimising sequence {nn},
J(Nn) — infJ(n)

e A weak lower-semicontinuity argument
shows that n, converges weakly to n,

# 1. lies in the region unaffected by the
penalisation:

e A priori estimates show that

Jm =0 Jm<2p = |nlg<oen
e Motivated by the KP scaling, we find that
JnM)<2u  n*(xz) = Pdux iz),
where ¢ is a test function

® As ¢ | Ovia a sequence {en}, ng, — n, Where
n is a minimiser of J with ||n||z < cp.



THE UNBOUNDED DOMAIN

2
Jm=Km+——  |nlls <R

L(n)
We show that

# J has a minimiser n with ||n|[£ < cp.
# Any minimising sequence {n,} for J with

Innll <K <R
converges to a minimiser.

Use the modified functional

2

L(xpn)’
where yp is a smooth cut-off function with

support in {(x, z) € (-P/2,P/2)?}.

Jp(n) = K(xpn) +

# Our previous method yields a minimiser np
for Jp with ||ne||2 < cp.

® Let P — o via a sequence {F;}, so that
{np } is a minimising sequence for J(n).

Use concentration-compactness. Difficulties:

# Nonlocal operators
# A nonhomegeneous nonlinearity



