MODULATING PULSES

A pulse:
sech(x — cy4t)

A wavetrain:

A modulating pulse:
sech(x — c4t) sin ko(x — cpt)




WAVE EQUATIONS

We study the equation
9§u = 9§u — u + f4(u, gy, 31;u)3§u + fo(u, dxu, dtu),
where

# f4, fo are analytic
® fila, —b,—c) =f(a,b,c), i=1,2

Linear dispersion relation for sin k(x — cl’ot):
cp = (1 + K12k
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We look for modulating pulse solutions of the
form

u(x,t) = v4(x — cqt, ko(x — cpt)),
“sech(x — cg4t) sinko(x — cpt)”

where
® v4(&,n) Is 2x-periodic in n
.Dop=0|{,+y452, O<exl
®cg=1/cp



SPATIAL DYNAMICS

We formulate the equation as a system for

v = (v4,v2), Vo = Jgv4,
so that
Ogvq = Vo,
Ogvo = —cgkgﬁ,%m AL
+ g(V)85v1 + 45 (v) + g5(V)Pnve,
where

g?(v) = gi(v«|,ﬁ,7v«|,v2), j=1,2,2.
Phase space:
® X° = Hz31(0,2%) x HE,(0,21),  6>0
» The vector field has domain x°*?
® g%, 95, 95 are bounded X° — ngr.(O, 211)
Reversibility:
# The system is invariant under
§——=E,  (v1,v2) P 5(vq,v2),

S(v4(n), va(n)) = (v4(—n), —vo(—n))
# Symmetric solutions are invariant under
this transformation



SPECTRAL ANALYSIS

e=0 >0
# Infinitely many imaginary eigenvalues
:l:i&)m, wm~ M

Notation:
z = Byp(v), q=_F sh,c(V)
Write as a coupled system

9¢z = Kz + F®(z,q), K= (8;)
and

O5q1 = 92,
= gg(z, le) + h(2)
Ogd2 = “Cgkcz)ﬁ %‘l’i — Cz‘l'i +°P, eh,c(gﬁ(z’ 51)?
+ Pon,o(d3(2, 4)9594) + Foh,o(95(2. 9)9nq2),
where g3(z,0) = 0.




A SIMPLIFIED PROBLEM

® h?(z) =0 = {gq =0} is invariant

#® The flow in {g=0} is controlled by the
fourth-order equation

95z = Kz + F®(z,0),
Use scaled variables: oubic

OFz44 = 224,

9522,4 = C1z44 — Coz4 4 (Z%A + 23’2) + O(e),

Orz42 = 222,

Orzo2 = C1242 —C224 ,2(23,4 + 25 )+ 0(e)
For ¢ = O we have a two-dimensional invariant
plane containing two symmetric homoclinics:

¢22,2
|

Two symmetric homoclinics p? persist for ¢ > O
and are estimated by

P°(&)| < cee®



A NONEXISTENCE RESULT

The homoclinics found in {q = O} generically do
not persist for hf(z) # O

# Dynamical systems arguments:

Three-dimensional
o stable and unstable
manifolds

Q

The manifolds generically do not intersect
In an infinite-dimensional phase space

# Global existence theory for one-dimensional
guadratic, quasilinear wave equations?

Construct a change of variable (“normal-form
transformation”) which

# preserves the structure
# yields the estimate

IH8(2)|| < cee™ Ve
in the new variables



EXISTENCE THEORY

We look for solutions of the form
(z.9)= (p° +Z.9). (Z.q) €C([0,67/2VE] X+
with
(2. a@)ll < 6=/
Combine
# Dynamical-systems arguments
o Kato’s iteration scheme
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“Centre-stable manifold”:

# Define W = {v(0) for such solutions v}
® W° is given as a graph v,(0) = f(vs(0), v;(0))



SYMMETRIC PULSES

# Define the “symmetric section” £ = FixS

» A solution v(&) on [0, e¢/2V¢ ] with v(0) € =
can be extended to a symmetric solution

[ v&). &20
= {Sv(—z), £<0
on [—e /26, gc"/2Ve

® Solve
(I —S)v(0) =0, v(0) € W
perturbatively around p®(0).

® W° intersects X in an infinite family of
points (parameterised by F;(I — S)v(0))



