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Last time we saw: 
Bode criterion for stability

What is system stability
Bode stability criterion

Only applies to systems for which the gain and phase 
decrease continuously with frequency
System unstable if AR > 1 when  ϕ = 180°
Gain margin ( should be > 1.7)
Phase margin (must be > 30°)

How to use direct substitution or Bode diagram 
for designing  proportional gain Kc
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Objectives for Today

Tuning criteria
Root-locus diagram
Tuning controllers by pole positioning
Tuning using the Ziegler-Nichols method for PID tuning
Practical Issues
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Controller Design

Select controller type (guidelines in previous 
lectures)
Involves selection of the proper values of Kc, τI, 
and τD.
Affects control performance
Affects controller reliability
Controller tuning is, in many cases, a compromise 
between performance and reliability.

Choose the controller type, and the parameters for the 
chosen controller, so that some objective criteria of closed-
loop performance are satisfied
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Performance Criteria

There is no single best set of tuning parameters. 
Tuning depends on criteria!

Stability criteria
Steady state criteria (maximum admissible steady 
state offset)
Dynamic Response Criteria

Minimum rise time
Minimum settling (response) time
Specify maximum overshoot
Specify maximum decay ratio (for oscillatory behavior)
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Performance Criteria

Time integral performance criteria:

Integral Absolute Error (IAE):

Integral Squared Error (ISE):

Other general criteria
Minimize variability
Remain stable for the worst disturbance upset (i.e., 
reliability) robust stability
Avoid excessive variation in the manipulated variable
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Example 1: Tuning via dynamic response 
criteria in few (one) point in time

Determine the gain Kc of a P-only controller, so 
that the maximum overshoot for a unit step 
change in the setpoint is less than 40%.
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We will solve this in class
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P-only Control

For an open-loop overdamped process 
as Kc is increased the process dynamics 
goes through the following sequence of 
behavior

overdamped
critically damped
oscillatory
sustained oscillations
unstable oscillations

Kc increases
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Dynamic Changes as Kc is increased for a 
FOPDT Process

Time Time Time

Time Time Time
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Root Locus Diagram (review)
(Kc increases from a to g)
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X - Roots for Kc=0 (a)

[a, c] only real poles      
no oscillations

c – equal poles (critically 
damped)

(c, f) – complex poles 
stable with oscillations 
(oscillatory behaviour 
stronger from c to f

f – poles with no real part 
sustained oscillations

> f – poles with positive 
real parts oscillations 
with increasing amplitude 
(unstable)

For physical systems Root Locus diagram is symmetrical with respect to 
real axis
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Controller Tuning by Pole Assignment 
(Pole Placement)

Choose the closed-loop dynamic response by requiring the 
closed-loop poles of the system to be placed at specific 
locations and calculate the corresponding tuning 
parameters

(recall: closed loop poles of a feedback system are the 
roots of the characteristic equation)

Application of pole placement shows that the closed-loop 
damping factor and time constant are not independent

Therefore, the decay ratio is a reasonable tuning criterion

Only poles are chosen in this design actual closed-loop 
response can be different based on existing zeros in the 
closed-loop transfer function
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A generalized controller (i.e., not only PID) 
can be derived by using pole placement.
Generalized controllers are not generally 
used in industry because

Process models are not usually available
PID control is a standard function built into 
DCSs.

Controller Tuning by Pole Assignment 
(Pole Placement)
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Example 2: Pole placement design

Design a PID controller for a generic first order system 
so that the closed-loop system will have the response 
given by the reference trajectory described by:
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We can choose other response 
types; e.g. critically damped

Underdamped
trajectory with 
settling time 

determined by τ
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Example 2: Pole placement design

Generic first order system: ( )
1p

KG s
sτ

=
+

PID controller:

Characteristic equation: 01)()()()( =+sGsGsGsG scap

)11()( s
s

KsG D
I

cc τ
τ

++=

Consider the only dominant dynamics is for the 
process:

01)()( =+sGsG cp
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Example 2: Pole placement design

Substituting in the equation gives the characteristic equation:
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Solving:

By choosing Kc, τI and τD, we can position the roots (hence dynamic 
response) wherever we want in the complex plane

Reference trajectory
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Example

1( )
6 1pG s
s

=
+

Solving for the model:

0; 0.5; 1.333D c iKτ τ= = =

Consider PI controller:

Process

Desired



9

17

Classical Tuning Methods

Example:  Ziegler-Nichols and many others

Are based on using the process model to determine the values of 
controller parameters that bring the closed-loop system to the 
verge of instability by

Simulation

Routh criterion

Direct substitution

Use rules of thumb to reduce controller gain to provide a margin
of safety away from closed-loop instability (e.g. see Bode stability 
margins from previous lecture)

They are based on a preset tuning criterion (e.g., quarter decay
ratio; i.e. the oscillation amplitudes dampen such that the decay 
ratio is < 0.25.
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Ziegler-Nichols Stability Margin  
Controller Tuning

Using Proportional only control, determine Kc = Ku (ultimate 
controller gain) which causes the system to be at the verge of 
instability

Find the period of the sustained oscillations Pu (ultimate period 
of oscillations):

Where ωCO is the crossover frequency (ϕ = 180°)

Remember: ωCO  and Ku can be easily determined using the Bode 
stability criterion in conjunction with direct substitution or Bode diagram

Find the Z-N settings for the controller from Ku and Pu using the 
rules summarized in the Table on the next slide 

co
uP ω

π2
= time/cycle
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Ziegler-Nichols Stability Margin  
Controller Tuning

-

-

Pu /8

-

Pu /1.2

Pu /2

0.5 Ku

0.45 Ku

0.6 Ku

P

PI

PID

τDτIKccontroller

Published by Ziegler and Nichols in 1942
Now are widely considered to be an industry 
standard
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Example 3: Z-N tuning

Design P, PI, and PID controllers for a three tank 
system for which the model is given by the 
following transfer function:

)16)(14)(12(
6)(

+++
=

sss
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Example 3: Z-N tuning

Characteristic equation for the system with controller and process only:

01
)16)(14)(12(

6
=+

+++ sss
Kc

01)()( =+sGsG cp

Using the method of substitution we find the limiting value for a P-only 
controller (ultimate gain) controller for which the closed-loop system is 
at the verge of stability

0)61(124448 23 =++++ cKsss

Characteristic equation:

or
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Example 3: Z-N tuning

By substituting s = ωj into the characteristic equation, we have:

This equation can be satisfied if and only if both the real and imaginary 
parts are equal to zero:

0)61(124448 23 =+++−− cKjj ωωω

0)1248()4461( 32 =+−+−+ jKc ωωω

Rearranging in the Cartesian form:   Re + Imj

04461 2 =−+ ωcK

01248 3 =+− ωω

6/1,0 −== cKω

67.1,5.0 == cKω

Solving, gives:

System is stable for -1/6 < Kc < 1.67, Hence, the ultimate gain is:

And the frequency of sustained oscillations at that point is:

67.1== cu KK
min/5.0 radco =ω
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Example 3: Z-N tuning

min/5.0 radco =ω cycleP
co

u min/56.122
==

ω
π

67.1== cu KK

P:           Kc = 0.5Ku = 0.83

PI:          Kc = 0.45Ku = 0.75;     τI = Pu /1.2 = 10.5 min

PID:       Kc = 0.6Ku = 1.0;     τI = Pu /2 = 6.3 min; τD = Pu /8 = 1.6

The ultimate period is given by:

Ultimate gain is:

Z-N tuning will be:
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Controller tuning in time domain using 
approximate process model

Approximate process model based on process reaction 
curve (obtained in open loop – no control)
S-shaped reaction curve of any system can be 
approximated with a FOPDT transfer function

y(∞)

α τ
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Controller tuning in time domain using 
approximate process model

Effective time delay (α): Draw tangent in inflection point, 
intersection with time axis gives α

Effective Gain (K):

Note that y is deviation variable

Effective time constant (τ):
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ultimate value of the output
magnitude of the step input

K =

( )y
slope

τ
∞

=
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Ziegler-Nichols Approximate Model PID 
tuning rules

Limited to models with 0.1<(α/τ)<1.0

There exist many other similar rules: e.g. Cohen-Coon, etc.

P

PI

PID

τDτIKccontroller
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Example 4
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Example 4

Z-N approximate model PID:
K = 6
α = 3
τ = 10

1.2 10
0.6667

6 3
K

⎛ ⎞⎟⎜= =⎟⎜ ⎟⎜⎝ ⎠

3
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Summary

Controller tuning depends on criteria
We can design the controller to have a 
particular closed-loop response (pole 
positioning)
Classical tuning criteria based on stability 
margin: Ziegler-Nichols method
Tuning based on approximate model 
(FOPDT) obtained using process reaction 
curve



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


